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FUNCTIONS 



ARNAUD BODIN, ANNE PICHON, JOSE SEADE 

Abstract. In analogy with the holomorphic case, we compare the 
topology of Milnor fibrations associated to a meromorphic germ 
] I g : the local Milnor fibrations given on Milnor tubes over punc- 
tured discs around the critical values of f/g, and the Milnor fibra- 
tion on a sphere. 



1. Introduction 

The classical fibration theorem of Milnor in says that every holo- 
morphic map (germ) / : (C", 0) — *• (C, 0) with a critical point at G C" 
has two naturally associated fibre bundles, and both of these are equiv- 
alent. The first is: 

(1) 0=^:§^\ir-^§^ 

where is a sufficiently small sphere around G C" and K = /^^(O) fl 
Se is the link of / at 0. The second fibration is: 

(2) f -.Menf-'idBs) ~^dBs = S' 

where is the closed ball in C" with boundary and is a disc 
around G C which is sufficiently small with respect to e. 

The set N{6, 5) = n f-^{dBs) is usually called a local Milnor tube 
for / at 0, and it is diffeomorphic to minus an open regular neigh- 
bourhood T of K. (Thus, to get the equivalence of the two fibrations 
one has to "extend" the latter fibration to T\K.) In fact, in order to 
have the second fibration one needs to know that every map-germ / as 
above has the so-called "Thom property" , which was not known when 
Milnor wrote his book. What he proves is that the fibers in ([1]) are 
diffeomorphic to the intersection f~^(t) fl for t close enough to 0. 
The statement that ([2]) is a fibre bundle was proved later in [B] by Le 
Diing Trang in the more general setting of holomorphic maps defined 
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on arbitrary complex analytic spaces, and we call it the Milnor-Le fi- 
bration of /. Once we know that ([2]) is a fibre bundle, the arguments 
of [H Chapter 5] show this is equivalent to the Milnor fibration ([1]) . 

The literature about these fibrations is vast, and so are their gen- 
eralizations to various settings, including real analytic map-germs and 
meromorphic maps, and that is the starting point of this article. 

Let U be an open neighbourhood of in C" and let f,g : U — > C be 
two holomorphic functions without common factors such that /(O) = 
g{0) = 0. 

Let us consider the meromorphic function F = f / g : U ^ CP^ 
defined by {f /g){x) = [f{x)/g{x)]. Notice that f /g is not defined on 
the whole U ; its indetermination locus is 

I = [zeU \ f{x) = and g{x) = O} . 

In particular, the fibers oi F = f / g do not contain any point of / : for 
each c G C, the fiber F~^{c) is the set 

F-\c) = [xeU\ fix) - cg{x) = 0} \ / . 

In a series of articles, S. M. Gusein-Zade, I. Luengo and A. Melle- 
Hernandez, and later D. Siersma and M. Tibar, studied local Milnor 
fibrations of the type ([2]) associated to every critical value of the mero- 
morphic map F = f / g. See for instance [HH], or Tibar's book [14J and 
the references in it. Of course the "Milnor tubes" fl F^^{dl^s) in 
this case are not actual tubes in general, since they may contain G ?7 
in their closure. These are in fact "pinched tubes". 

It is thus natural to ask whether one has for meromorphic map- 
germs fibrations of Milnor type ([1]), and if so, how these are related to 
those of the Milnor-Le type ([2]) studied (for instance) in [ll[5l[Tl]. The 
first of these questions was addressed in [121 ID [13] from two different 
viewpoints, while the answer to the second question is the bulk of this 
article. 

In fact, it is proved in [T] that if the meromorphic germ F = f /g is 
semitame (see the definition in Section [2]), then 

(3) ^ = ^:§A(^/UL,)-^§i 

is a fiber bundle, where L/ = {/ = 0} fl and L^, = {^f = 0} fl are 
the oriented links of / and g. Notice that away from the link Lf U Lg 
one has an equality of maps: 

f/g ^ J9_ 

\fi9\ m ' 



MILNOR FIBRATIONS OF MEROMORPHIC FUNCTIONS 



3 



where g denotes complex conjugation. It is proved in [13] that if the 
real analytic map fg has an isolated critical value at G C and satisfies 
the Thom property, then the Milnor-Le fibration of fg, 

(4) N{e, 5) := [B, n {fgr\dBs)] ^ OBs = , 

is equivalent to the Milnor fibration of f /g when this map is semi- 
tame. That is, the fibration (jlj) on the Milnor tube N{6, 6) of fg is 
equivalent to the Milnor fibration ([3]) of the meromorphic germ f/g. 

In this article we complete the picture by comparing the local fi- 
brations of Milnor-Le type of a meromorphic germ f/g studied by 
Gusein-Zade et al, with the Milnor fibration ([3]). We prove that if the 
germ f/g is semitame and (i)-tame (see Sections [2] and [3]), then the 
global Milnor fibration ([3]) for f/g is obtained from the local Milnor 
fibrations of / at and oo by a gluing process that is, fiberwise, rem- 
iniscent of the classical connected sum of manifolds (see Theorem [HI 
and its corollaries, in Section [S]). 

Acknowledgements : The research for this article was partially supported 
by the CIRM at Luminy, France, through a "Groupe de Travail"; there 
was also partial financial support from the Institute de Mathematiques de 
Luminy and from CONACYT and PAPIIT-UNAM, Mexico, and the authors 
are grateful to all these institutions for their support. 

2. Semitameness and the global Milnor fibration of F 

Adapting Milnor's definition |8j, we define the gradient of F = f/g 
at a point x G f/ \ / by : 



;rad(//^) 



( ^(f/9) ^__^ d{f/g) \ 
y dxi ' " ' ' dxn J ' 



The following definitions were introduced in [T] following ideas of [9]. 
We consider the set 

M{F) = {x eU\I \ 3XeC, grad(//c/)(x) = Xx} 

consisting of the points of non-transversality between the fibres of f / g 
and the spheres centered at the origin of C". 

Definition 1. A value c G CP^ is called atypical if there exists a 
sequence of points {xk)km iii M{F) such that 

lim Xk = and lim F{xk) = c . 

A;— >oo fc— >oo 

Otherwise it is called typical. The finite set B of the atypical values is 
called the bifurcation set of the meromorphic function f/g. 
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Let Lf = {f = 0} nE>s and Lg = {g = 0} n E>e be the oriented links 
of / and g. 

Proposition 2. Let W be an open set in CP^ such that W H B = ^. 
There exists Eq > such that for each e ^ Eq, the map 

^w = jljjy{%\ {Lf U Lg)) n F-\W) ^ §^ 

is a C°° locally trivial fibration. 

The proof is that of [TJ Theorem 2.6]; it follows Milnor's proof [U 
Chapter 4] with minor modifications. See also [9] . The main modifica- 
tion of Milnor's proof concerns Lemma 4.4 of [8], for which an adapted 
formulation and a detailed proof is given in [H Lemma 2.7]. 

Definition 3. The meromorphic function f /g is semitame at if i? C 
{0,oo}. 

Proposition [2] is a more general statement than \V, Theorem 2.6]. 
When F is semitame, the following is obtained by applying Proposition 
Elto W = \ {0,oo} : 

Corollary 4. Theorem 2.6]) If F is semitame, then there exists 
Eq > such that for each e ^ Eq, the map 

<|.^ = ^ : §r-i \ {Lf U Lg) ^ §1 

is a C°° locally trivial fibration. 

Definition 5. When F is semitame, we call the global Milnor fi- 
bration of the meromorphic germ F. 

It is shown in [T3J that $ is a fibration of the multilink U —Lg, 
where —Lg means Lg with the opposite orientation. 

For our purpose, it will be necessary to consider the restriction 
of $F to (§f ^1 \ {Lf U Lg)) \ F-i(D5(0) U Dij(O)) where 5 < 1 and 
1 < R. 

Definition 6. We denote hy Adp the fibre of $i? and we call it the 

truncated global Milnor fibre of F. 

3. TAMENESS NEAR THE INDETERMINATION POINTS 

In this section we introduce a technical condition on f / g: the (i)- 
tameness ((i) for "indetermination" ) which enables us to control the 
behaviour of //(? in a neighbourhood of its indermination points when 
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n ^ 3. This condition will appear as an essential hypothesis for our 
main Theorem O Note that this section only concerns the case 3. 

Let us fix r > and let us consider some sufficiently small constants 
0<£:'-c5-C£-Cl. These constant will be defined more precisely in 
the proof of Theorem [91 

Let X = F-^ (Br{0) \ 0^(0)) n \ 4') . 

For ?7 > 0, we consider the neighbourhood of / defined by: 

N, = {zEM,\ \fiz)\' + \giz)\'^r]'}, 

and its boundary, 

dN,, = {zeM, I \f{z)\' + \g{z)\^ = r]^}. 

The proof of Theorem [9] is based on the existence of a vector field v 
on X which satisfies for all sufficiently small rj, < 1] <^ e' the following 
properties: 

(1) : The argument of / is constant along the integral curves of v. 

(2) : The norm of z is strictly increasing along the integral curves 
of V. 

(3) : For all z G A^^, the integral curve passing through z is con- 
tained in the tube dN^jf where t]'^ = + |(7(z)p. 

In this paper, we use two different inner products on C" : 

(1) The usual hermitian form ( , ) : C" x C" — C defined for 
z = izi,...,Zr,),z' = {z[,...,z'J eC^hj : 

n 

{Z, Z) = ZkZ'f^ 
k=l 

(2) The usual inner product ( , )m : M^" x M^n ^ ^ on M^n ; 

n 

{z, z')k = ^ixkx'k + Vkvi), 

k=l 

where yk,Zk = Xk + iyu and = a;';, + z?/^. 
Notice that for z,z' eC", 

{z,z') = {z,z')jR + i{z,iz')u 

As we will show in the proof of Theorem [9l the semitameness of f /g 
guarantees the existence of a vector field v on X such that: 

(i) For all z e X, (f (z), gradlogF(z)) = +1. 

(ii) For all z G X \ M{F) , {v{z), z) > 0. 

(iii) For all z eU, Re{v{z),z) > 0". 
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So that conditions (1) and (2) are satisfied. We now introduce an 
additional hypothesis which will ensure that (3) is also satisfied, i.e. 
that V is such that : 

(iv) For all 2; G X H A^^ \ / one has v{z) G TzdNj^/, where 77'^ = 

\f{z)? + \g{z)\\ 

As shown in the proof of the Theorem [HI semitameness is sufficient 
to define such a f in a neighbourhood of M{F) fl N^j. Now, let z G 
N,\M{F). 

We set 7(2) = 1/(2) P + \9iz)\^ so that 

T,dN^, = {ve M^" I {v, gradK7(^))M = 0} . 
Then a vector v G M^" satisfies (i), (ii) and (iv) if and only if 

(t;,gradlogF(z)) = +1 , (f,2;) > and (t;, gradjj, 7(^))iR = . 

Such a V exists if and only if grad]u7(z) does not belong to the C- 
vector space generated by z and gradlogF(2;), or equivalently by z and 
grad-F(2;). This makes natural the following definition. We set: 

N{F) = {z eU\I \3X,fi eC, gTad^-f{z) = Az + /igradF(z)} . 

Definition 7. Let n ^ 3. We say that f/g : (C",0) (C, 0) is (i)- 
tame if there exist sufficiently small constants 0<r7^£:'^(5^£:^l 
such that 

{N{F) n A/;^ n X) c (m(f) n x^ n x) . 

When n = 2, we define the (i)-tameness as an empty condition. 

Notice that (i)-tameness is a generic property in the following sense. 
Let f,g : (C"',0) — *• (C, 0) without common branches. Then the set of 
indetermination points I = {z E C"' \ f{z) = g{z) = 0} has complex 
dimension n — 2. Moreover, N[F) U M[F) is included in the set 

P(F) = G C" I rank v4(z) < 3} , 
where A{z) is the matrix 

dzi •' ^ dzi dz2 •' dz2 dz„ •' ^ dzn 

Z\ Z2 ... Zn 
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Then P{F) is generically a real analytic submanifold of C" with real 
codimension 2n — 4. Then generically, the two germs of analytic sub- 
manifolds (/, 0) and {N{F) U M{F),0) intersect only at 0. Therefore, 
when the constants 0<ri<t^e'<t^6<t^e^l are sufficiently small, we 
obtain P{F) n A^^ n X = 0, and then, f/g is (i)-tame. 

Example 1. It may happen that f /g is (i)-tame even if I is contained 
in N{F) U M(F). For example, let f,g : (€^,0) ^ (C, 0) be defined 
by f{x,y,z) = and g{x,y,z) = y'^. Then the set of indetermi- 
nation points of f/g is the 2;-axis, and the set P{f /g) has equation 
detA{x, y, z) = 0, i.e. : 



Then N{f/g) is included in the plane {z = 0} and f /g is (i)-tame, 
whereas / C P{f/g). Hence f/g is also semitame. 

Example 2. Let / = f{x,y) and g = g{x,y) be considered as germs 
from (C'^,0) to (C, 0). Then the set of indetermination points of f/g 
is again the z-axis, and the set P{f /g) has equation 



Therefore f / g is (i)-tame if and only if the jacobian curve {^^gf ~ 
g|| = 0} of the germ (/, g) : (C^, 0) ^ (C^, 0) is included in the curve 
{//= 0}. 

On the other hand, it is easy to obtain examples with f/g semitame. 
For instance, with /, g as above, if we regard f/g as a map-germ at G 
C^, then this is semitame if f/g is semitame as a germ from (C^, 0) into 
(C, 0), since a sequence of bad points (zk) for f/g would project on the 
plane ^ = to a sequence of bad points for f /g : (C^, 0) (C, 0). Now, 
it is easy to check whether f/g : (C^, 0) (C, 0) is semitame by using 
the characterization of semitameness given in [T, Theorem 1] when 
n = 2 : f / g is semitame if and only if the multilink LfU —Lg is fibered. 
This latter condition is easily checked by computing a resolution graph 
of the meromorphic function f/g: the multilink LfU —Lg is fibered if 
and only if the multiplicities of / and g are different on each rupture 
component of the exceptional divisor of f/g. 



zx^-^y''-Wx\''P +\y\'"')=0. 




Example 3. Let f{x,y) = x^ + y"^ and g{x,y) = + y^. Then f/g 
is semitame, as can be seen on the resolution graph oi f / g represented 
on Figure 1. The number between parenthesis on each vertex is the 
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Figure 1. Resolution graph of + y'^/x^ + 



difference ruf — rUg where ruf (respectively rrig) is the multiplicity of / 
along the corresponding component of the exceptional divisor. 

But f /g, seen as a map in variables (x, y, z) is not (i)-tame, because 
the germ of Jacobian curve (J, 0) of {f,g) has equation = and 
N{f/g) = J\I. 

4. The local Milnor fibrations of F 

The local Milnor fibers of a meromorphic function F were defined in 
[1] as follows. Let us fix c G CP^. There exists Eq > such that for 
any £, < e ^ Eq, the restriction F| : \ (/ = 0) U = 0) ^ CP^ 
defines a C°° locally trivial fibration over a punctured neighbourhood 
Ac of the point c in CP^. 

Definition 8. The fiber M'p = F-\c') n B^, c' G of this fibration 
is called the c-Milnor fiber of F. 

Notice that A^^ is a non-compact n-dimensional manifold with bound- 
ary. 

Let 6, < 6 <^ E, he such that ©^(c) C A^ . We call the restriction 

0, = i^ :F-i(§Kc))n5,^§Kc) 
the c-local Milnor fibration of the meromorphic map F. 

According to |4j, Lemma 1], the diffeomorphism class of the non- 
compact n-complex manifold A4p does not depend on e, and the iso- 
morphism class of the fibration 0^ does not depend on e and 6. As 
shown in [H], this is in fact an immediate consequence of Le's fibra- 
tion theorem in [6] applied to the pencil {f — tg = 0}. 

For our purpose, it will be necessary to consider the restriction of 
(pc to the complement in B^ of a small ball B^/, ^ e' ^ 5, defined 
as follows. Since Ac fl 5 = 0, there exists e', < e' <^ 6 e, such 
that M{F) n F-^{S>l{c)) n B^/ = 0. For such an e', we consider the 
restriction of the c-local Milnor fibration 



MILNOR FIBRATIONS OF MEROMORPHIC FUNCTIONS 



9 



And we denote hy Mp = Mf\Ms' the fiber of 0c 

Again, tfie diffeomorphism class of and the isomorphism class 
of 0c do not depend on e,S and e'. 

5. The results 

Theorem 9. Let f,g : (C",0) (C, 0) be two germs of holomorphic 
functions without common branches such that F = f /g is (i)-tame. 
Then for all r e CP^ \ {0, oo} such that B n D^(0) = {0}, there exist 
e, e' and S,0<e'<^S<^e<^l, such that the restricted 0-local Milnor 
fibration 

(5) 00 : F~\Sl{0)) n (B, \ B,,) §J(0) 
is diffeomorphic to the fibration 

(6) : (SA (^/ U L,)) n F-\W) §\ 
where W = Br{0)\Bs{0). 

Remember that 0o is a restriction of F and is a restriction of 

F 

\F\- 

Corollary 10. Let f,g : (C",0) — > (C, 0) be two germs of holomorphic 
functions without common branches such that F = f /g is semitame 
and (i)-tame. For (5 -C 1 and 1 one has: 

a) The truncated global Milnor fiber Aip = $^^(1) is diffeomor- 
phic to the union of the two restricted local Milnor fibers — 
^Q^{S) and M.^ = (f)^[R) glued along their boundary compo- 
nents do — (j>o^{S) n §£/ and d^o — ^e' 

Mf ^ M% Ua M'^ . 

b) The Euler characteristics verify: 

and 



X {Mf) = X {Ml) + X (-M^) • 

c) The monodromies ho : M% — >■ M% and : M'^ M'f of 
the fibrations 0o o-nd 4>oo o-f^ the restrictions of the monodromy 
h : Mf ^ Mf of the fibration ^f- 
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Proof of the Corollary. We apply Theorem M twice with r = 1. The 
first time as stated, the second time around oo, or in other words, 
around for g/f. The proof of Theorem [9] furnishes: 

• a diffeomorphism Qq from 
to 

F "-^ 

^ (i)n§,nF-i(Di(0)\D5(0)), 

such that Oo ^(Di(0)) = do, 

• and a diffeomorphism from 

{4>o)~\S) = F-\R)n{M,\M,,) 

to 

^ (i)n§,nF-i(D«(o)\Di(o)), 

such that 0^HDi(O)) = d^o- 
The intersection of the images of 0o and Oi is exactly 

eo(5o) = eoo(9oo) = F-i(i)n§, 

Then Aip = $^^(1) is diffeomorphic to the union of 0o^(5) and of 
(j)^{R) glued along their boundary components Oq and dao- This proves 
statement a). 

The Euler characteristic verifies x(^Ui?) = x{^) ~^x{B) —xi^^B). 
As the intersection of the images of Bq and Gi is a closed oriented man- 
ifold of odd dimension, then its Euler characteristic is 0. This proves 
the first equation in statement b). For the second equation, notice Ai^p 
(respectively TVI^) retracts by deformation to Xip (respectively A^^), 
and A4f retracts by deformation to Aip, proving b). 

The statement c) follows from a) and Theorem O □ 

Corollary 11. Let f,g : (C",0) — » (C, 0) be two germs of holomorphic 
functions without common branches such that F = f/g is semitame 
and (i)-tame. If f,g have an isolated singularity at 0, then 

X (Mf) = i-ir-' (/i(/, 0) + ix{g, 0) - 2/i(/ + tg, 0)) . 

Where t is a generic value (i.e., t 0,oo) and fi is the Milnor number. 

Proof. According to [H Theorem 2], 

X {M%) = i-ir-' (/i(/, 0) - /i(/ + tg, 0)) 
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and 

X (M^) = i-ir-' {Kg, 0) - + tg, 0)) . 

□ 

Corollary 12. If n = 2, then the manifold Ai^p (respectively A4^) 
has the homotopy type of a bouquet of circles. If we denote by Aq 
( respectively Xoo) the number of circles in this bouquet. Then Aip is a 
bouquet of Aq + Aoo + 1 circles. 

6. Preliminary lemmas 

The following lemmas are easily obtained by adapting the proofs of 
Lemmas 4.3 and 4.4 in [8j as already performed in [9] and [1] in close 
situations. 

Lemma 13. Assume that the meromorphic germ F = f/g is semi- 
tame at the origin. Let p : [0, 1] — > C" be a real analytic path with 
p{0) = such that for all t > 0, F{p(t)) ^ {0, oo} and such that the 
vector gradlog F{p{t)) is a complex multiple X(t)p(t) ofp(t). Then the 
argument of the complex number X(t) tends to or it as t 0. 

Proof. Adapting [H Lemma 4.4]. See also [9], Lemma 3] and [H Lemma 
2.7]. □ 

Lemma 14. Let F be semitame. Then there exists < £ ^ 1 such that 
for all z E Bi, \ {F^^ifS) UF~^(oo)) the two vectors z and gradlogF(2;) 
are either linearly independent over C or gradlogF(2;) = \z with 
|arg(A)|G]-f,+f[. 

Proof. Using Lemma [T3l See [H Lemma 4.3] and [U Lemma 4]. □ 

Lemma 15. Let D', D" be two 2-discs centered at with D' C D" and 
D' ^ D". For < £ < 1, z/ 2 G §e \ (F~i(0) U ^-^(oo)) is such that 
gradlogF(z) = \z, (\ E C) then 

F{z) e D' or F{z) ^ D". 

Moreover in the first case arg(+A) g] — |, +^[ and in the second case 
arg(-A) G]-f,+f[. 

Proof. Using Lemma [13] and Lemma [HI See [9l Lemma 8] . □ 

7. Proof of the theorem 

First step: definition of the constants. 

(1) Let < r < cx) be such that B D D^(0) = {0}, where B is the 
bifurcation set of the meromorphic function f/g. 
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(2) As Sj(0) is compact and Sj(0) fli? = 0, one can choose < £ <C 
1 such that: 

a) is a Milnor ball for F~^{0), F~^{oo), the indetermina- 
tion set / and for all F~^{z), z G 

b) e satisfies the conclusion of Lemma [15] for D' = ©^74(0) 
and D" = D,.+i(0). 

(3) Let us choose 6, < 6 e, such that: 

0o = i^:i^"'(SKO))nB, ^§K0) 

is the 0-Milnor fibration of the meromorphic map F. 

(4) Last, let us choose 6^,0 < Eq 6 such that 

M{F) n F-\Br{0) \ ©5(0)) n = 0, 

and let us set e' = 6^/2. In particular, one obtains the restricted 
0-local Milnor fibration 

00 : F-i(§KO)) n (B, \ 40 ^ SKO) . 

Let V : ^ ffi^ be defined by ipiz) = {\og\f{z)\,\\z\\'^). Notice that 
Conditions 2.b) and 4) imply that 

([log(5,logr] X [0,4'] U [log(r/2),logr] x [0,e^]) n^{M{F)) = 0. 

Second step : construction of a vector field. 

Let us consider the set 

X = F-i(^D,(0) \D5(0)) n (B, \B,/). 

Let us fix p G]r/2,r[ and e" E]e',eo[ and let us consider the two real 
numbers < 61 < 62 defined by: 

= ^ and ^ - ° 



2 (log p — log (5) 2 (log r — log p) 

Let us fix < ,^ ^ and an increasing C°° map b : [0, oo[^ [0, oo[ 
such that Vx ^ £" — ^, b{x) = bi and Vx ^ e" + ^, b{x) = 62- 
For 1] > 0, we consider the neighbourhood of / defined by: 

N, = {zeM,\ \ f{z)\' + \giz)\'^v'}, 

and its boundary, 

dN, = {zeM, I \f{z)\' + \g{z)\' = r^'}. 

Let us fix 7], < ?7 <^ e', such that i] satisfies the (i)-tameness 
condition : 

{N{F) nN^nx) c {M{F) nN^nx) 
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F = r 



Figure 2. Vector field 



Lemma 16. There exists an open neighbourhood Q of the set M{F) in 
X, two real numbers a and (3, < a < (3 and a differentiable vector 
field V on X such that: 

(i) For all z e X, {v (z), giadlog F{z)) = +1, 

(ii) For allzeX\ M{F), {v{z), z) = b{\z\) 

(iii) For all z e fl, Re{v{z), z) G [a,/?]; 

(iv) For all ze XdN^,, v{z) e T^dN^,' where rj'^ = \f{z)\'^ + \g{z)\\ 

Proof. Let /x, < <^ 77, be such that rj + /i again satisfies the (i)- 
tameness condition : 

{N{F) n iv^+^ n X) c (M(F) n iv^+^ n x). 

Let us denote by V the interior of A^,j+^ in X, i.e., 

V^{zeX\0^\f{z)\' + \giz)\'<irj + fir}, 
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and let us consider the four following open sets of X (the neighbourhood 
n of M(F) will be defined later) : 

Ui = X\{N^UM{F)), U2 = n\Nr, 

U3 = vnn, U4 = v\ m{f) . 

One has : X = f/i U f/2 U f/3 U f/4. The vector field v will be obtained 
by constructing a vector field Vi on each Ui and by defining globally v 
by a partition of unity. 

At first, let us define v on X \ N,^ = Ui U U2. For a point z G f/i, we 
define Vi by using the classical construction of Milnor: for such a point 
the vectors z and gradlogF(2;) are linearly independent over C Thus 
there exists vi{z) verifying (i) and (ii). 

For each z G X, let us consider the vector 

gradlogF(^) 

u[z] = — - — 

II grad log-F(2;)|P 

Let z G M(F)nX. There exists A G C such that grad log = \z. 
Then (^(z), grad log F (2;)) = +1 and 

Re(u(z), z) = Re 

Notice that M(F) nB^ = {z eMe\3Xe C,gradF(z) = A^} is com- 
pact. Then M{F) flX is a compact set, and there exist ci, C2, < ci < 
C2 such that for all z G M{F) fl X one has ci < |A| < C2 where A is the 
complex number such that gradF(2;) = Xz. Moreover, Condition 2.b) 
below implies that arg(+A) g] — f,+f[- Then there exists c[,C2 > 
such that for all z G M{F) n X, c[ < Re{u{z), z) < 4. 

Let us choose z/ such that < u <^ c'l and let us set a = c[ — u and 
(3 = C2 + 1'. There exists an open neighbourhood Q of M{F) in X such 
that for all z & Q, a < Iie{u{z), z) < (3. Then for each z & U2 = fi\X^, 
we set V2{z) = u{z). 

We now define v on V = U^U f/4, i.e. near the indetermination set 
/. A picture of the local situation near I is represented on Figure O 
For a point z in V, we set 

v'=V\fizW + \9izW. 

Let T = T{z) be the space tangent to c?iV^/ at z. We will construct a 
vector field vonV satisfying the three conditions (i), (ii) and (iii) and 
such that v{z) G T. 

If z E U3 = V nQ, let us again consider the vector u{z). If u{z) G T, 
then we set v^i^z) = u{z). If u{z) ^ T, let 

Q={uiz))^\ 
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In S, 



In 




Figure 3. Vector field and indetermination points 

be the real orthogonal complement of the line spanned by the vector 
u{z). 

Since dim^Q = 2n — 1 and dimijT = 2n — 1, the real vector space 
Q r\T has dimension at least n — 2. Let tt : M^" Q HT he the 
orthogonal projection on QnT in the direction of the vector iu{z). We 
set 

vsiz) = 7r(ti(2;)) . 

Obviously v^i^z) G T and an easy computation shows that verifies 
conditions (i) and (iii). 

Last, let us consider U4 = V \ M{F). Let z e U4. We set 7(2;) = 
1/(2;) p + |5'(2;)p. There exists a vector V4{z) verifying (i), (ii) and 
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V4^{z) G T if and only if the vector 

w{z) = gradR7(z) 

does not belong to the complex vector space H generated by the two 
vectors wi{z) = z and w^iz) = gradF(z). This is equivalent to saying 
z ^ N{F), which is true because F is semitame and (i)-tame. 

Now, we define globally the vector field on X by a partition of unity. 

□ 

Third step : integration of the vector field v. 

We integrate the vector field v and we denote by C = {z = p{t)} an 
integral curve. 

Condition (i) implies that the argument of F{p{t)) is constant and 
that and that \F{p{t))\ is strictly increasing along C. Conditions (ii) 
and (iii) implies that is strictly increasing along C. 

Lemma 17. If C pass through a point zq G F^-'^(S;5(0)) fl {E>s>), then C 
reaches at a point Z\ such that \F{zi)\ = r. 

Proof. Let C be the arc of curve in parameterized by t G [0, log{r/6)] 
as follows : 

• x(t) = t + log 6 

• VtG [0,log(p/5)],2/(t) = 2M + £'' 

. Vt G [log(p/5), \og{r/6)],y{t) = 2^1 + e"^ 

The arc C is the union of the two segments joining the three points 
(log5, e'^), (logp, e"^) and (logr, e^). Then C is included in the zone 
P = [log5,logr] X [0,4^] U [log(r/2),logr] x [O,^^] and CnipiU) = 0. 
(see Figure H]). Now, let C be an integral curve of v passing through 
Zq G F^^(S^(0))nSe/. Then a computation analogous to that of [8] page 
53, shows that C is nothing but the image of C by ^. Therefore, the 
integral curve C passing through Zq goes transversally to the spheres 
centered at until it reaches at a point belonging to F~^(SJ(0)). □ 

Then, the diffeomorphism 

Bo : F-\Sl{0)) n (B, \ B,0 n F-i(D,(0) \ ©^(O)), 

which sends z G F-^(§J(0)) H (B^ \Be/) on the intersection Qo{z) of the 
integral curve of v passing through z with the sphere Se H F~^(D.,.(0) \ 
]D)j(0)), is a diffeomorphism from the fibration: 

F:F-i(§KO))n(B,\40^SKO) 



MILNOR FIBRATIONS OF MEROMORPHIC FUNCTIONS 17 



^0 

log S log I log r 

Figure 4. Avoidance of M{F) 

to the fibration: 

(7) $ = ^ : §^ n F-i(D,(0) \ 65(0)) ^ §^ 

This completes the proof of the theorem. 

8. An example 

Let f,g : (C^,0) — > (C, 0) be the two holomorphic germs defined 
by: 

f{x,y) = x"^ + y'^, g{x,y) = x'^ + y^. 

Let TT : X — ^ U be the resolution of the meromorphic function F = 
f / g whose divisor is represented on Figure [H On Figure [5] we draw its 
dual graph G. The numbers between parentheses are the multiplicities 
of F along the corresponding component of the total transform of fg 
by TT, i.e., the (mf — mf) where m{ and mf are the multiplicities of 
/ o TT and goTT. The numbers without parentheses are the Euler classes. 
The arrows are for the strict transforms of / and g and for the strict 
transform of a generic fibre of F . 

The meromorphic function f /g is semitame, and (i)-tame {n = 2). 
One therefore has three different fibrations: the global Milnor fibration 

of f/g, 

and the two local Milnor fibrations (po = F\ : F-\Sl{0))nMe — > ^1(0) 
and (j)oc = F\: F-\Sl{oo)) H — > §J(cx)) 
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Graph G 



(1) 



1 




Graph Go 




(-1) 



Graph G, 



-2' 



-2' 



(-1) 



(0) 



(1) 



Figure 5. Resolution of + y^/x^ + y'^/g 



Using the fibration theorem for plumbed multilinks (see e.g. [131 
2.11]), one observes three different fibred multilinks in plumbing man- 
ifolds on this configuration : 

(1) The link — in the sphere S^. 

(2) The link Lf in the plumbed manifold Vq whose graph Go is the 
subgraph of G determined by the divisor E2 U E^. 

(3) The link Lg in the plumbed manifold whose graph Goo is 
the subgraph of G determined by the divisor E^U E4. 

As already mentioned, the map is a fibration of the link Lj — Lg 
in the sphere S^. The two local fibrations 0o and 0oo are the restrictions 
to the complementary of the indetermination set I of f /g of fibrations 
00 and 0OO of the links C Vq and Lg C Ko. 

The fibres Aip and of 0o and 0oo can be computed by the 

Hurwitz formula from the graphs Go and Goo- One obtains for both 
a sphere with one hole. The fibre Aip (resp. M.'^) is then obtained 
by removing a neighbourhood of the intersection of Ai% with 7r~^(0). 
One then obtains a sphere with 3 holes in both cases. Now the fiber of 
$i? is homeomorphic to the surface obtained by glueing together Ai^p 
and Ai'^ along the two boundary components just created. 

At last, let us recall that the isomorphism classes of the fibrations 
$F,0o and 0OO are completely described by the Nielsen invariants of 
their monodromies h : Mf ^ Mp, hQ : Xip M% and hoc '■ Mf 
A4'^ (see e.g. [H]). The set of Nielsen invariants is equivalent to the 
data of the graph G, Go and Goo respectively, weighted by the genus 
and the multiplicities. 
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In particular, it should be mentioned that the Dehn twist performed 
by h on the two glueing curves 9o C A^f is positive (it equals +| ac- 
cording, for instance, to the formula (3) of [HI Lemma 4.4]), whereas 
all the Dehn twists performed by the monodromy of the Milnor fibra- 
tion associated with a holomorphic germ are negative. This is a general 
phenomena in the case n = 2 : each dicritical component of the ex- 
ceptional divisor in the resolution oi f / g gives rise to a positive Dehn 
twist along each of the corresponding separating curves on the fiber, 
see [21 Chapter 5]. 

The previous arguments show that in this example, the monodromy 
of the global Milnor fibration of the meromorphic germ f /g can not 
possibly be the monodromy of a holomorphic germ. Then, a natu- 
ral question is to ask whether something similar happens in higher 
dimensions. That is, is there some property that distinguishes the 
monodromy of the global Milnor fibration of a meromorphic function 
from those of holomorphic germs? 
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